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We compute the β functions of marginal couplings in projectable Horˇava gravity in 2þ 1 spacetime
dimensions. We show that the renormalization group flow has an asymptotically free fixed point in the
ultraviolet (UV), establishing the theory as a UV-complete model with dynamical gravitational degrees of
freedom.Therefore, this theorymay serve as a toymodel to study fundamental aspects of quantum gravity. Our
results represent a step forward towards understanding theUVproperties of realistic versions ofHorˇava gravity.
DOI: 10.1103/PhysRevLett.119.211301
Introduction.—Formulating a quantum theory of the
gravitational interactions remains one of the major chal-
lenges in theoretical physics. Despite the impressive achieve-
ments in this direction, in particular of string theory, many
fundamental questions still remain open. It is of particular
interest whether such a theory can be formulated in the
language of a unitary and perturbative quantum field theory
in 3þ 1 space-time dimensions, as is the case for all the other
interactions in the standard model of particle physics (SM).
The main obstruction for this venture within general
relativity (GR) is the well-known fact that the gravitational
coupling constant, the Newton’s constant G, is dimension-
ful for dimensions greater than 1þ 1. This ultimately
renders the theory perturbatively nonrenormalizable—with
an increasing number of divergences appearing at every
order in the loop expansion. A possible solution is to extend
the gravitational Lagrangian by terms quadratic in the
curvature, thereby increasing the number of derivatives
acting on the metric field. Although this can make the
theory renormalizable [1] and even asymptotically free
[2,3], it jeopardizes the unitarity of the theory.
This idea was revisited by Horˇava, who suggested that
unitarity and perturbative renormalizability could be rec-
onciled in theories of gravity without Lorentz invariance
(LI) [4]. More concretely, he suggested that if the universe
is endowed with a preferred foliation into space and time,
one can construct a power-counting renormalizable theory
containing only marginal and relevant operators with
respect to a Lifshitz (anisotropic) scaling
t↦ b−dt; xi ↦ b−1xi; ð1Þ
where d is the number of spatial dimensions. This proposal
requires a mechanism to account for the stringent tests of LI
of the SM and some promising ideas have been suggested;
see Ref. [5]. It is important to stress that so far “non-
projectable” Horˇava gravity (defined below) is consistent
with all phenomenological constraints [6,7]. Finally, apart
from being a viable candidate for the ultraviolet (UV)
completion of GR, Horˇava gravity can be used as a
gravitational dual for strongly coupled systems exhibiting
the Lifshitz scaling [8,9].
Several fundamental aspects of Horˇava gravity must be
clarified before declaring it a successful theory of quantum
gravity. The first one is renormalizability beyond power
counting. Recently, this has been proven for the projectable
version (defined below) [10,11], whereas the nonproject-
able case still remains elusive. Second, the ultraviolet
structure of the theory, essential to establish its consistency,
is not known beyond tree level. Partial results include the
study of renormalization group (RG) flow in a simplified
model obtained from the projectable theory by a conformal
reduction of the metric [12] and the calculation of the
contributions of matter loops to the RG running of the
couplings [13].
In this Letter we make the next step in this direction and
compute the complete β functions in the pure projectable
Horˇava gravity in 2þ 1 dimensions, for the first time fully
taking into account the gravitational degrees of freedom
(d.o.f.). It is worth noting that, unlike (2þ 1)-dimensional
GR, the theory possesses a local propagating scalar mode
[14]. We find that there is a region in parameter space where
the projectable theory is asymptotically free. This implies
that projectable Horˇava gravity is a perturbatively complete
theory of quantum gravity in 2þ 1 dimensions.
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Horˇava gravity (projectable case).—The action of
Horˇava gravity in dþ 1 spacetime dimensions is
constructed by considering theories invariant under the
diffeomorphisms compatible with a preferred foliation of
space-time
t↦ t0ðtÞ; xi ↦ x0iðx; tÞ: ð2Þ
This suggests to decompose the metric in the Arnowitt-
Deser-Misner (ADM) form (we perform our calculation in
Euclidean signature)
ds2 ¼ N2dt2 þ γijðdxi þ NidtÞðdxj þ NjdtÞ; ð3Þ
i; j ¼ 1; 2;…; d. Here, N is the lapse function, Ni the shift
vector, and γij the metric on the spatial codimension-one
hypersurfaces which foliate the spacetime. The gravita-
tional action with only marginal and relevant couplings
with respect to the Lifshitz scaling (1) reads,
S ¼ 1
2G
Z
dtddxN
ffiffi
γ
p ðKijKij − λK2 þ VÞ; ð4Þ
where λ and G are coupling constants while Kij is the
extrinsic curvature of the foliation
Kij ¼
1
2N
ð∂tγij −∇iNj −∇jNiÞ; ð5Þ
with ∇i being the covariant derivative compatible with γij
and K ≡ γijKij. The potential V includes all possible terms
constructed out of the covariant derivative ∇i, the spatial
Riemann tensor Rijkl and the acceleration vector
ai ¼ ∂i logN, that under Eq. (1) have scaling dimensions
2d or less. The action (4) is then power-counting renor-
malizable [4]. The case of GR would correspond to λ ¼ 1
and V ¼ 2Λ − R, where Λ is the cosmological constant and
R is the intrinsic curvature of the d-dimensional slices.
The symmetry (2) can be satisfied if N depends only on
time (ai ¼ 0), which defines the projectable version of
Horˇava gravity. The action for this proposal was derived in
Refs. [15,16] and it was shown to be renormalizable
beyond power counting in Refs. [10,11]. This proposal
is the focus of this work. We also concentrate only on the
case d ¼ 2. The previous restrictions reduce the number of
terms in V drastically, while keeping nontrivial (gravita-
tional) local d.o.f. [14]. In the projectable case, the lapse
functionN does not affect the local dynamics. By fixing the
time coordinate it can be set to N ¼ 1 in perturbation
theory, which we will assume in what follows. The
remaining gauge invariance consists of time-dependent
spatial diffeomorphisms. An important caveat is that this
theory is not phenomenologically viable in 3þ 1 dimen-
sions [17]. Nevertheless, one can view it as a toy model for
quantum gravity with dynamical d.o.f.
Quantizing projectable Horˇava gravity in 2þ 1.—For
d ¼ 2 the potential term of projectable Horˇava gravity has
the form,
V ¼ 2Λþ μR2: ð6Þ
The term linear in R is not present, as it is a total derivative
in 2þ 1 dimensions. Our aim is to perform a one-loop
calculation and to analyze the running of the marginal
couplings that define the theory. We do this by using the
background field technique [18], where the renormalization
of the coupling constants is captured by the contributions to
operators of the background fields, coming from integrat-
ing out the quantum fluctuations around the background.
The anomalous dimension of the cosmological constant
was already computed in Ref. [19]. We focus on the case
Λ ¼ 0 and study the renormalization group (RG) running
of the three marginal couplings fG; λ; μg governing the
UV dynamics of the theory. Only two combinations fG≡
G=
ffiffiffi
μ
p
; λg are physical in the sense that their β functions do
not depend on the choice of the gauge. Conversely, all
gauge-invariant quantities depend only on these combina-
tions. This is a consequence of the fact that a change of
gauge shifts the off-shell effective action by a contribution
that vanishes on shell [20,21]. The equations of motion
following from Eqs. (4) and (6) imply the global
Hamiltonian constraint,
H≡
Z
d2x
ffiffi
γ
p ½KijKij − λK2 − μR2 ¼ 0: ð7Þ
This is also a unique combination of marginal gauge-
invariant operators vanishing on shell. Thus, the 1-loop
effective action Γ½γij; Ni is defined up to the trans-
formations,
Γ → Γþ ε
Z
dtd2x
ffiffi
γ
p ½KijKij − λK2 − μR2; ð8Þ
with arbitrary constant ε. Such a shift corresponds to the
following transformation of couplings δG ¼ −2G2ε,
δλ ¼ 0 and δμ ¼ −4Gμε. Only the β functions of the
essential couplings λ and G, which are invariant under these
transformations, have physical meaning. Here λ measures
the deviation from a relativistic invariant kinetic term, while
G controls the strength of gravitational interactions.
In order to compute Γ½γij; Ni, we expand the fields
around an arbitrary background configuration
γij ¼ γ¯ij þ hij; Ni ¼ 0þ ni; ð9Þ
where we have set N¯i ¼ 0. This choice simplifies the
calculation without losing information about the β func-
tions, since N¯i only enters via K¯ij. Expanding the bare
action (4) up to second order in the quantum fluctuations
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yields the quadratic action S2, which is sufficient to capture
the one-loop contributions. For notational simplicity, we
omit the bars over background quantities in what follows.
We add to S2 a gauge fixing term implementing the
regular gauge proposed in Ref. [10],
Sgf ¼
σ
2G
Z
dtd2x
ffiffi
γ
p
Fi
−1
γijΔþ ξ∇i∇j Fj; ð10Þ
with the gauge fixing condition Fi given by
Fi ¼ ∂tni − 1
2σ
ðγijΔþ ξ∇i∇jÞð∇khjk − λ∇jhÞ: ð11Þ
This gauge fixing leads to regular propagators featuring a
uniform scaling structure, which is a key element in the
proof of the renormalizability of the theory [10,22].
Moreover, this choice of Fi removes the mixing between
hij and ni in the quadratic part of the action. All the terms in
Sgf are local—except for one, which, however, can be
written in a local form by “integrating in” the extra
auxiliary field πi [10],
σ
2G
Z
dtd2x
ffiffi
γ
p ∂tni −1γijΔþξ∇i∇j∂tnj
↦
1
2G
Z
dtd2x
ffiffi
γ
p −1
2σ
πiðγijΔþξ∇i∇jÞπj− iπi∂tni

:
ð12Þ
Finally, we need to include the corresponding ghost action,
which is constructed in the standard way from the gauge
fixing condition Fi [10,19],
Sgh ¼ −
Z
dtd2x
ffiffi
γ
p
c¯i

∂tðγij∂tcjÞ − 1
2σ
Δ2ðγijcjÞ
−
1
2σ
Δ∇k∇ick þ λσΔ∇i∇jc
j −
ξ
2σ
ð∇i∇jΔcj
þ∇i∇j∇k∇jck − 2λ∇iΔ∇jcjÞ

: ð13Þ
Given the total action for the quantum fluctuations
Stot ¼ S2 þ Sgf þ Sgh, we use perturbation theory around
a background metric γij which is close to flat space δij,
γij ¼ δij þHij: ð14Þ
Because of the invariance of the effective action with
respect to the background diffeomorphisms, it is sufficient
to focus on the renormalization of the terms quadratic in
Hij. The bare action quadratic in Hij reads
SH¼
1
2G
Z
dtd2x

1
4
ð _Hij _Hij−λ _H _HÞ
−μ∂b∂aHabð2ΔH−∂j∂iHijÞþμΔHΔHþOðH3Þ

:
ð15Þ
The β functions are found by studying how the two-point
functions ofHij, following from Eq. (15), are renormalized
after integrating out the quantum fluctuations. The renorm-
alization of G is then extracted from _Hij _H
ij, while the one
of λ comes from _H _H. For the renormalization of μ we can
use any of the three other structures in SH.
The background independent part of the second order
action defines the propagators for hij, ni, πi, c¯i, and ci. The
latter are particularly simple in the gauge
σ ¼ 1 − 2λ
8μð1 − λÞ ; ξ ¼ −
1 − 2λ
2ð1 − λÞ ; ð16Þ
where they are all proportional to the propagator of the
physical scalar mode,
Psðω; pÞ ¼

ω2 þ 4μ 1 − λ
1 − 2λ
p4

−1
: ð17Þ
The vertices required for the one-loop calculation can
be found by expanding Stot up to second order in the
background field Hij. The diagrams which give rise to
logarithmic divergences are shown in Fig. 1.
FIG. 1. Feynman diagrams (bubbles and fishes) for the two
point function of Hij. The cross represents the mixed propagator
hniπji.
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We stress that the possibility to study only the renormaliza-
tion of terms quadratic in Hij essentially relies on our
procedure where we start from the action for perturbations
Stot invariant under the background gauge transformations,
including the gauge fixing and ghost terms. Only after that we
expand the background according to Eq. (14). Had we started
by first expanding the metric around flat spacetime and then
fixing a (noncovariant) gauge, wewould have to compute also
the renormalization of 3- and 4-point vertices to factor out the
(gauge-dependent) wave function renormalization.
Calculation of diagrams.—Although the number of
diagrams in Fig. 1 is not so large, the different vertices
contain multiple terms which make computations rather
involved and lengthy. To handle this complexity we use the
Mathematica package xAct [23] to manipulate the algebraic
expressions and FORM [24] to reduce the output of the
diagrams. The computation is simplified by considering the
renormalization of fG; λg and of μ separately. This can be
extracted by evaluating the quadratic part of the effective
action Γ½Hij on time- or space-dependent backgrounds
which correspond, respectively, to diagrams with vanishing
spatial momenta or frequency in external legs. Thus, for
fG; λg renormalization we first focus on computing the
contributions carrying only external frequency Ω at vanish-
ing external momentum Pi. Then we do the opposite for μ
renormalization and compute the logarithmically divergent
diagrams carrying only external momentum at vanishingΩ.
The prototypical loop integral over internal momentum
and frequency has the form,
Z
dωd2q
ð2πÞ3 ω
2aq2b
Y
I
PsðωþΩI; qþ PIÞ; ð18Þ
with constant exponents a, b. Here ΩI and PI are the
relevant external frequencies and two-momenta. Since we
are interested in the logarithmic divergences, we retain only
the contributions proportional to Ω2 or P4, which renorm-
alize the terms shown in (15). For this, we Taylor expand
the integrand of Eq. (18) up to the desired order in external
frequency or momentum, such that the final integrands all
acquire the general form
I ½a; b; A ¼ ω2aq2b½Psðω; qÞA; ð19Þ
with A being a constant power. We regularize the UV
divergences, which appear in the integration of Eq. (19), by
using the Schwinger integral representation for the propa-
gator. To this end, we introduce an auxiliary “proper time”
parameter s and rewrite Eq. (19) as
I ½a; b; A ¼ ω2aq2b
Z
∞
0
dssA−1
ΓðAÞ e
−s½Psðω;qÞ−1 : ð20Þ
The integral over frequency and momentum in Eq. (18) can
then be expressed in terms of the Γ function. In the
Schwinger integral representation UV divergences appear
in the limit s → 0, with logarithmic divergences corre-
sponding to
R
dðlog sÞ.
One-loop β functions and asymptotic freedom.—In the
Wilsonian picture the quantum corrections are interpreted
as the result of integrating out virtual modes with momenta
between a certain UV cutoff ΛUV and the subtraction point
k. This leads to the following identification in the
divergent part of the effective action,
Z
dðlog sÞ↦ log

Λ4UV
k4

; ð21Þ
where we have taken into account that the parameter s has
scaling dimension 4. The RG flow originates from the
sensitivity of the couplings to a change in k, see, e.g.,
Ref. [25]. We find the following β functions for the physical
couplings:
βλ ≡ k dλdk ¼
15 − 14λ
64π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2λ
1 − λ
r
G; ð22aÞ
βG ≡ k dGdk ¼ −
ð16 − 33λþ 18λ2Þ
64πð1 − λÞ2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ
1 − 2λ
r
G2: ð22bÞ
We have checked this result by performing independent
calculations in several gauges other than Eq. (16). Namely,
we have considered the gauge (10) with ξ ¼ 0 [and with σ
as in (16)] and, outside of the family (10), the conformal
gauge hij ¼ e2ϕγij which is possible in two spatial dimen-
sions [26]. Furthermore, the (gauge-dependent) β function
for the coupling μ can be extracted from the results of
Ref. [19] and it agrees with our results when evaluated in
the same gauge.
The structure of the RG flow in the regions required by
unitarity [10], fλ < 1=2g∪fλ > 1g, is shown in Fig. 2. The
theory possesses two UV fixed points:
FIG. 2. RG flow of the couplings in (2þ 1)-dimensional
Horˇava gravity. The arrows show the direction of the flow
towards the infrared.
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ðλ;GÞ ¼

1
2
; 0

and ðλ;GÞ ¼

15
14
; 0

: ð23Þ
The first fixed point is located at the boundary of the
allowed region. The limit λ → 1=2, taken at fixed value of
G, is strongly coupled, as it is clear from the divergence in
Eq. (22b). However, the RG flow λ → 1=2 is accompanied
by the vanishing of G. The structure of βG in Eq. (22b)
suggests that the actual expansion parameter in this limit is
[27] ~G ¼ G= ffiffiffiffiffiffiffiffiffiffiffiffiffi1 − 2λp , with the β function
β ~G ¼ −
ð1 − 2λÞ2
64πð1 − λÞ3=2
~G2: ð24Þ
This β function vanishes at λ → 1=2, so that ~G freezes at a
constant value in the UV. In other words, at the one-loop
level there is a family of UV fixed points parametrized by
the asymptotic value of ~G. The status of this fixed-point
family can be clarified only by taking into account
contributions from higher order and matter loops.
Remarkably, the second UV fixed point in Eq. (23) is
regular and asymptotically free. In the infrared (IR), the RG
trajectories either go to λ → þ∞, G → þ∞, or to λ → 1þ,
G → þ∞. The latter behavior is intriguing as it naively
corresponds to the relativistic limit of the theory. However,
to decide whether the theory really flows or not to GR
requires a nonperturbative analysis as in the IR the system
enters into the strong-coupling regime, which is typical for
asymptotically free theories [28].
It is worth comparing our results to those of Ref. [12],
where the gravitational d.o.f. were truncated to the con-
formal mode. While the family of fixed points at λ → 1=2 is
present also in the truncated model, the fixed point at
λ ¼ 15=14 exists only in the full theory. A more important
difference is that the asymptotic freedom of the gravitational
coupling reported in Ref. [12] occurrs at negative values of
G—the choice required by unitarity of the truncated model
at λ > 1=2. On the other hand, the full theory is both unitary
and asymptotically free at positive G and λ > 1.
Conclusions.—The main result presented in this Letter
are the β functions (22) for the essential coupling constants
of projectable Horˇava gravity in 2þ 1 dimensions. Their
associated flow is shown in Fig. 2. The RG flow possesses
an asymptotically free fixed point in the UV, which
establishes this model as a 2þ 1 dimensional perturba-
tively UV-complete theory with nontrivial propagating
gravitational d.o.f. This not only makes it a theory of
quantum gravity in 2þ 1 dimensions but also a suitable toy
model to address fundamental aspects of quantum gravity
in the more realistic (3þ 1)-dimensional case.
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